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O00o00oO00o0ooooO foldOOOO0O0O0O0O0O0O00OO foldOODOOOOODOOOOOOOOOOO
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(x fold : (’a -> ’b -> ’b) -> ’b -> ’a list -> ’b *)
let rec fold k z list = match list with
0->z
| first::rest -> k first (fold k z rest)

foldkzO00OOO list000D0OO0O00DOOO00O0OOO0OOOO0OODOOO0ODOOOODODOOODOOOODOO
Oo0Oo0oooO kO0OOOOOO000O0DOOOO000 200000000 foldOOOOO0OODOOOOOOO
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(* plus : int list -> int *)
let plus list = fold (+) O list

O00OconsU (+)00Onil0 000000000 OOO0OOOOOOOOOOOOOOOOOOODOOOOO
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# plus [1; 2; 3];;

- : int = 6
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(* make_list : int -> int list *)
let make_list m =

build (fun ¢ n -> let rec f m = if m = 0 then n else cm (f (m-1)) in f m)
000 buldOOO0OO0OO0OD0OO0O0O0O0OOOO0OO00

(* build : ((’a -> ’a list -> ’a list) -> ’b list -> ’c) -> ’c *)

let build g = g (fun x y -> x::y) [

build 0 OOD0OO0O0D00O00 g0 0O00ODO0O0DO0OO0O00ODO consOnilO00OOconsUd nilOOO0O0OODOgG
0000000000000 00000000 consO nilOO00O00 buildO0OO0O0OOcOnDOOOOO0OO
OO foldO0O0O00D0ODO0O0OO0OOfdAOIdAOOOODOO GIOOOOO00O0OD0O000DO0O000D0OO0

00 1 (Gill, Launchbury, and Peyton Jones [2] ) OO0 AOOOOOg00O
g:VB(A—=B—pB)—=B—p

ogooooo
fold k z (build g) = gk z

gooooo



OO0 makelist 00000 buildOODO0O mO int 00 ((int -> ’a -> ’a) -> ’a -> ’a) 000000
OO00000000000 makelistO plusO000000 sumO0O00O0O0O0OOO

(* sum : int -> int *)
let sum m = plus (make_list m)
fold (+) 0 (build (fun ¢ n —>
let rec f m = if m = 0 then n else cm (f (m-1)) in f m))
(fun ¢ n -> let rec fm = if m = 0 then n else cm (f (w-1)) in f m) (+) O
let rec f m = if m = O then O else (+) m (f (m-1)) in f m

0000000000000000000000000 M fold/build00000000O0OOOOOOO0O [m,m-
1,.,1000000000000000000000000O0C00O0O00O0OU0O0O0ODOOUD0OOU MO0
0000000000000000000000000 fold/build00000000OO0OOOOOOOO0O
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M,N == z (ocno)
| Az.M (0ooo)
| MN (oooo)
| letz = MinN (000D000)
OO0 OCamlO0O0O0O00O0O0OODOO
type lambda_t = Var of string (00 %
| Lam of string * lambda_t (x Ooogo =)
| App of lambda_t * lambda_t (x OOoOgoOo =)
| Let of string * lambda_t * lambda_t (x JOoOooog =

O0000o0oooo00oooooooooO foldODDOODOOfoldOOOODOOOODODOODODOOOOO
00000 lambda_t D0 0OO0O00O00DO0O0O0COOOOO0O0OO0ODOOOOODOOOOOOODOOOOO

(* fold : (string -> ’a) -> (00 %)
(string -> ’a -> ’a) -> x 0OO0O =)
(’a -> ’a -> ’a) -> 0000 %
(string -> ’a -> ’a -> ’a) -> x OOoOoog =)

0000000000000 00000000000000000000 let000000ADOOOOOOOOOODOO



lambda_t -> ’a *)
let rec fold var lam app letl tree = match tree with
Var(str) -> var str
| Lam(str, t) -> lam str (fold var lam app letl t)
| App(tl, t2) -> app (fold var lam app letl t1) (fold var lam app letl t2)
| Let(str, t1, t2) -> letl str (fold var lam app letl t1l) (fold var lam app letl t2)

ooooOoO0O0 foldOOOOODOOOOOODOODODDODOOOOOOOO
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bd0dde 0000000 DOOD0OcO0ODOOO0DODODOOOODOODOOOODOOODOOOOD
Oo00ooO0o0obOoO0o00oDboO0oo0ooOo0obObo0oooOoooD etd000OO0O0O0ODODOO00DaOOO
oboooooboooogon

a: O0xO00 — 0O

afzlp = p(x)
afdz. M]p = Ag.a[M]plz+ q]
obo quobuoobobobobooboo
a[MN]p = (a[M]p)(«[N]p)
afletz =M in N]p = let ¢=a[M]pin a[N]p[z — 4]
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gboboobobooobooboooooboboooooboooobobooooboooboooon

let alpha = fold (fun str -> Var(p(str)))
(fun str t -> let q = gensym str in Lam(q, t))
(fun t1 t2 -> App(tl, t2))
(fun str t1 t2 -> let q = gensym str in Let(q, t1l, t2)

U000 gensymJO0O000000O0O0O0OCOOODOCO

000000000000 p(str) 00000 str 000000000000 OOOOOOOOOOOOOOO
gooobooogoobooogooboobooboooobooooboobooboobooboobooboooboo
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fold000O0OCOOOOOODOOOOOOOOOOOOOOOOOOOOOOODDODOOOOOOOOOO
obooobooobOoooobooboobooboooboooboOooooobooobOoooobooobOOoooonDn
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(* alpha : lambda_t -> table_t -> lambda_t *)
let alpha = fold (fun str table -> Var(search str table))



(fun str t table -> let q = gensym str in Lam(q, (t (extend str q table))))
(fun t1 t2 table -> App(tl table, t2 table))
(fun str t1 t2 table —->

let q = gensym str in Let(q, tl table, t2 (extend str q table)))

OO0 search 0000000000000 extendD 00000000 O0DOOOfldOOOODOOOOO
000 tablet—lambda t OO0 fold00 00000 t0t10t20000000000000000000O
O0000000eO0O0O00O0O0O0DDOOOOOOOOOOOOOO!letx = M NODOOOOOOM
0000 pONOOODO pz—¢000000D00000O00ODO t100 tableD t200 (extend str g table)
O0000ooooooooD foldOOOOO000O0ODOOOOO0O00000ODO00DO foldOOOOOOOOO
gboboobobooobooboooobooooobooon

00000000000 00C00O00 VartOLamOAppOLet OO0 OOO0OQ00ODO buildO0OOO0O0O0OOO
oooooooooDoo0o0widobOooooooooo

(* build : ((string -> lambda_t) -> (x O00O %)
(string -> lambda_t -> lambda_t) -> (x doog =)
(lambda_t -> lambda_t -> lambda_t) -> xO0oog =)
(string -> lambda_t -> lambda_t -> lambda_t) -> xO0D0OOooog =)
’a) ->
’a *)

let build g = g (fun str -> Var(str))
(fun str t -> Lam(str, t))
(fun t1 t2 -> App(tl, t2))
(fun str t1 t2 -> Let(str, ti1, t2))

bboobdocO0O0O0OO0bDOO0OOODOODOOOODOOOODO

(* alpha : lambda_t -> table_t list -> lambda_t *)
let alpha = build (fun var lam app letl ->
fold (fun str table -> var (search str table))
(fun str t table -> let q = gensym str in lam q (t (extend str q table)))
(fun t1 t2 table -> app (tl table) (t2 table))
(fun str t1 t2 table ->
let q = gensym str in letl q (tl table) (t2 (extend str q table))))

OO0000oO000O0DDOOCOOO0OOOO0OODODDODODOOOOO foldDbuildOO0O00aO00OO
gooooooobooo
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let x = y in x+1
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let x =y in y+1

co00bOxOOoO0yODOOOODODOODmMOOODODOOODOOOODOOOOOOOy+H1O0O0MOBOOOO
gbooobooooboon

g . 0x00 — 0O

Blz]lp = p)
Bz M]p = Xv.B[M]p
BIMN]p = (BIM]p) (BIN]p)
Bllet z =y in N]p = let x=p(y) in B[N] plz — p(y)]
Bllet =M in N]p = let x=p3[M]pin B[N]p

O00a0O0O0O0OO0OO0OOOOOOOltODOODODODOODOOOOODOOOOOOletODODOOODODODODDODODOD
ooooooooooooo0oOooooooDoOobooooOOOOo0OoooooDOODOOOb0letogoooO
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(* fold : (string -> ’a) -> G 00 %
(string -> ’a -> ’a) -> (x0O0O00 %
(’a -> ’a -> ’a) -> (0000 =%
(string -> string -> ’a -> ’a) -> (x J00OD00O0O letl %)
(string -> ’a -> ’a -> ’a) -> (x OO00DDO let2 *)

lambda_t -> ’a *)
let rec fold var lam app letl let2 tree = match tree with
Var(str) -> var str

| Lam(str, t) -> lam str (fold var lam app letl let2 t)

| App(tl, t2) -> app (fold var lam app letl let2 t1) (fold var lam app letl let2 t2)

| Let(str, t1, t2) -> (match t1 with

Var(strl) -> letl str strl (fold var lam app letl let2 t2)
| _ -> let2 str (fold var lam app letl let2 t1) (fold var lam app letl let2 t2))

OO0 buildOO0OOlet0DO0O0O00D0OODO

(* build : ((string -> lambda_t) -> (x 00 %
(string -> lambda_t -> lambda_t) -> (xO0O0go %
(lambda_t -> lambda_t -> lambda_t) -> xO0O0oO0 =
(string -> string -> lambda_t -> lambda_t) -> (x OO000D0D letl =)
(string -> lambda_t -> lambda_t -> lambda_t) -> (x OO00OD00OD0 let2 %)
’a) ->
’a *)

let build g = g (fun str -> Var(str))
(fun str t -> Lam(str, t))
(fun t1 t2 -> App(t1l, t2))
(fun strl str2 t -> Let(strl, Var(str2), t))
(fun str t1 t2 -> Let(str, t1, t2))

let0 0000000000 0DOCO0O0ODODOO0ODOODOO0ODOOOOfoldOODOOOletlO let200000
Oo0ooooooD let000DOOO00D0OOO0O0O0ODODOOO0ODDOOOOODOOODOOODOOOOODDOOO
oooOoOoOoOoOoOOfldODODOOOOOOOOOOOOOOOOO
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(* beta : lambda_t -> table_t -> lambda_t *)
let beta = build (fun var lam app letl let2->
fold (fun str table -> var (search str table))
(fun str t table -> lam str (t table))
(fun t1 t2 table -> app (tl1 table) (t2 table))
(fun strl str2 t table ->
letl strl (search str2 table) (t (extend strl (search str2 table) table)))
(fun str tl t2 table -> let2 str (tl1 table) (t2 table)))

ooo00O0eO000000O0O0O0O0BCOOOOODOOOOOOOOOOODODOODOOOODDOOOOOROO
OfoldD buidOOOOOOOOOOOOOOOO
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OOpoOO0letd00OO0O00ODODOO0ODOOO0OODOO0eO00DOOODODODOO0ODOODOO0aDOOO
OO00OpUO0OD00OCOO0O0O0OfldOO0OODODOOOOO00ODOoDOODOOOO0let0d0OOOletOOO
gooooooo

fun str tl1 t2 table ->
let q = gensym str in letl g (t1 table) (t2 (extend str g table))

oo0O0O0ooo fodOOOOOODOOOOOOOOO0OOOOOOOOO0OOOOOOOOOODODOOOOO
OO000O0O0OO000ooooboooOOOO0000000oo00oDo0Ooo0O vvar(str) DO00OO0OOO (21
table) OO0O0O0OOOOOOOD search str table 0000000000 OCOOO0OOOOOOODOOOO
o000 foldOOODOaOODODOOOOOOOOOOOO

(* alpha : lambda_t -> table_t -> lambda_t *)
let alpha = build (fun var lam app letl let2 ->
fold (fun str table -> var (search str table))
(fun str t table -> let q = gensym str in lam q (t (extend str q table)))
(fun t1 t2 table -> app (tl table) (t2 table))
(fun strl str2 t table -> let q = gensym strl in
letl q (search str2 table) (t (extend strl q table)))
(fun str tl t2 table -> let q = gensym str in
let2 q (t1 table) (t2 (extend str q table))))

fold0O0O0O0O00O00O00O

fun strl str2 t table ->
let q = gensym strl in letl q (search str2 table) (t (extend strl g table))

obooobooobOooooboooobooobooooooobooobooooboobooooooooDn
gbooobobooobobooooobooooobobooooboon
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0000000 fold/build000000000O00O00O0OO fold/build00000O0O0OOOOO

00 2 ¢000
g :VB.(string — B) — (string — 8 — ) — (8 —  — f)
— (string — string — 8 — ) — (string —» —> 3 — () =
gooooa
fold var lam app letl let2 (build g) = g var lam app letl let2
ogoooon

00000000 [8D0000000000000U0DO0D fold/build00000000O0O0O0O0OOOODO
oooooooooooooobooooooooooooooooobobooOooboboDUopDODOOletOODO
Oo0000Odd fold000O0OOOODDOODOODODODODOOtODDODOOOODODODOOO0OOOOOOOODOO
gboboooooboooboooboobooboboooboooobooboobooboooboOooooboboobo
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0000000 fold/build 000000000000 000R 0000000000000 0aDOO0OODO
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(* ab : lambda_t -> table_t -> table_t -> lambda_t *)
let ab tree tablea tableb = beta (alpha tree tablea) tableb

OO0 tableaDa OOOOOOOtablebOp 0000000 DO0OO0OO0O0DOOCOOO0OOCOO foldd build O
oboooooooobooon

= build (fun var lam app letl let2 -> (x beta OO %)
fold (fun str table -> var (search str table))
(fun str t table -> lam str (t table)
(fun t1 t2 table -> app (t1 table) (t2 table))
(fun strl str2 t table ->
letl strl (search str2 table) (t (extend strl (search str2 table) table)))
(fun str t1 t2 table -> let2 str (tl1 table) (t2 table) )

(build (fun var lam app letl let2 -> (x alpha OO0 *)
fold (fun str table -> var (search str table))
(fun str t table -> let g=gensym str in lam q (t (extend str q table)))
(fun t1 t2 table -> app (t1 table) (t2 table))
(fun strl str2 t table -> let q = gensym strl in
letl q (search str2 table) (t (extend strl q table)))
(fun str tl t2 table -> let q = gensym str in
let2 q (t1 table) (t2 (extend str q table)))

tree



tablea))
tableb)

000 fold/build 0000000000 O0OOOOOO

(* ab : lambda_t -> table_t -> table_t -> lambda_t *)
let ab = build (fun var lam app letl let2 ->
fold (fun str tablea tableb -> var (search (search str tablea) tableb))
(fun str t tablea tableb -> let q = gensym str in
lam q ((t (extend str q tablea)) tableb))
(fun t1 t2 tablea tableb -> app ((t1 tablea) tableb) ((t2 tablea) tableb))
(fun strl str2 t tablea tableb -> let q = gensym strl in
let p=(search (search str2 tablea) tableb) in
letl q p ((r (extend str q tablea)) (extend q p tableb))
(fun str tl1 t2 tablea tableb -> let q = gensym str in
let2 q ((t1 tablea) tableb) ((t2 (extend str q tablea)) tableb)))

O0000let0O0 gensym OO 0000000000 0ODOOO0OOOOO0OOOOOOODOODOODO00 O
Oo00ooOo0obooOo0oooooOoonDletodobooooboo0ooobOO0ooooOobooooDboooDoooo
coopoOO0cO0oO0O0OoOOOO0O0OoODOOOO00O0DOO00cDOOpOOODOOOOODODROOOO
goooooo
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ooooooOooooooOoooooOoDboo0oooDo0o0OoDOoO00oDOoOOO0DOoOoOOOn tabled d
gboooboobooobobooboon

fun str tablea tableb -> var (search (search str tablea) tableb)

gooooooobooobooboobooboboooboobooooOoboooOoooobDbOOoDobLbOOoDo
000000000%000000 table000000000000000000O0O0OOODOOODOtabled
obooobooboooooboooog

(* ab : lambda_t -> table_t -> lambda_t *)
let ab = build (fun var lam app letl let2 ->
fold (fun str table -> var (search str table))
(fun str t table -> let q = gensym str in
lam q (t (extend str q table)))
(fun t1 t2 table -> app (t1 table) (t2 table))
(fun strl str2 t table -> let q = gensym strl in
let p = (search str2 table) in letl q p (t (extend strl p table)))
(fun str t1 t2 table -> let q = gensym str in
let2 q (tl table) (t2 (extend str q table))))

20Caml 0000000000000 0D00COO0O0O000O000000000000000000000000000000000
ooooooooooood



OO0xOaOOOOODOyDOOODODODOOOBOOOOOOz00DO000000pBOOOOOxO0OO
UbzOOOOOODOOOOOoOoooDoooobooooboooooooobooooooooboooooDo
gboooboobooboobooon
ooooooboo0oooooo0o0oooDbobe0O0DOpOO0OODOOOOODODODOOODODOOOO
gbooooboobooooboobobbooboobooooboboooboboooon

10 nOO
n0o000b00000000001letx=Minx0OMOOOOOOOOOOOOOOOODOOOOO
n:0 — 0O
nfz] = @
nrz. M] = Az.n[M]
n[MN] = (n[M]) (a[N])
nllet x =M inz] = n[M]
Nilet =M in N] = let x =n[M] in n[N]

nO000let0D0D0O0O0000000DDO0OO00O00000let000O0DOODOO0OOOOODODOO
Oo00oooooooooDooDD foldO0000000DO0OCOO000000000O0 foldOnOOoOooooo
ooooo

let rec fold var lam app letl let2 tree = match tree with
Var(str) -> var str
| Lam(str, t) -> lam str (fold var lam app letl let2 t)
| App(tl, t2) -> app (fold var lam app letl let2 t1) (fold var lam app letl let2 t2)
| Let(str, t1, t2) -> (match t2 with
Var(strl) -> letl str (fold var lam app letl let2 t1) stri
| _ -> let2 str (fold var lam app letl let2 t1) (fold var lam app letl let2 t2))

let build g = g (fun str -> Var(str))
(fun str t -> Lam(str, t))
(fun t1 t2 -> App(tl, t2))
(fun strl t str2 -> Let(strl, t, Var(str2)))
(fun str t1 t2 -> Let(str, tl, t2))

(x eta : lambda_t -> lambda_t *)
let eta = build (fun var lam app letl let2->
fold (fun str -> var str)
(fun str t -> lam str t)
(fun t1 t2 -> app t1 t2)
(fun strl t str2 -> if strl = str2 then t else letl strl t str2)
(fun str tl t2 -> let2 str tl t2))

OO0 fold0build000000On 000 0000000000000 ODOODODODODODOOOCODOOOOO
OO000OnOO0OD0let000D0000D0OO0O0O0OO0OO0O0O0ODOOO0DOOO0OODOOOOOOcODOBO
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gooooboooobooobooboooboobooobooboooboooboooobobooooooobooboOoDbO
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obooboooobooobooooobooobooooboobOooooboobOooboobooobooooon
oooooooobooooboobbooobobooobooooooooooooboooooOoooooobooOooon
gboooboooooboomoooooboooooboooooboboobooboomoooooboooooboooo
goooobooooboooboooooboooobobooboooooooobobOooDoobO0bOooLooDO
00000 fold0 ild0 0000000000000 O0O0000O0O0O0O0OCOOOOODOOOOO0O0O0OO
Oooooo0oooDooD foldOOOOOOOOOOODOOOODOOOODOOOODOOOOO
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fold0000OO00OO00OCOOU0OOODO0OO0OUOOODOOOO0OUOOOOOOOOO [5,6] 0 Voigtlander[9)
OO00000000000000 accumulator OO0 O0OOOCOODOOOOOCOODOOOODOOCOODOO
accumulator U0 000000000 DOOO0ODOOOOODOOOOODOOOOODODOOOOOOODObDOOD
O00000000lazyO let O000000DO0OO0O0OO0O0O0O0O0ODODOOOOOODDDOOOOOOOO
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