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Delimited continuations

For shift:

@ clear CPS semantics that everyone can agree with [DF90]
@ correctness of CPS translation [DF92]

@ type system that corresponds to CPS interpreter [DF89]
@ abstract machine derived from the CPS interpreter

They extend to control, shift0, and controlO0.

We have unified framework for four delimited continuation
constructs.
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Algebraic effects and handlers (AEH)

Deep and shallow handlers:

@ CPS semantics, type systems, and abstract machines exist.
But they are developed independently.

(And there are many other variants of AEH.)

How are they related each other?
How are they related to those of delimited continuations?

We should build AEH based on the foundations we already have for
delimited continuations.
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To understand the definitional interpreter for AEH
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Definitional Interpreter for AE

Elz]pr = M. dm.kp(z)tm
E[Ax.e]pr = M. dm. k(M. X&' E [e] plv/z| ')t m
Elerex] pr = M. Am. & [er] p (Avi. At. Am.
E [e2] p (Avg. AXt. Am. vy vg Kt m) tm) tm

E [tryeywith (z3k). 2] pr = M. Am. € [ed] pidycidy ((5,t, h) 2 m) < push
where  h = Av. Avg. AR A A € [es] [v/x, v /K] Kt/ m/ 1 pop
Eleall(e)] pr = At.Am. & [e] p (M. A" A((Ko, to, h) 1 mo). hv v kg to mg) t m

where v, = M. AN dm/ k0"t (K E h) m) (deep)
Vg = AW AN Am/ ko (1" Q R ) m! (shallow)
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To understand the definitional interpreter for AEH

via reduction rules:
@ reviewing CPS interpreter (F[Sk.e]) — (e[\z.(F[z])/k])
(for shift)
@ adding metacontinuations to (F|Sok.e]) — Le[\x. (F[z])/k]
remove reset (for shift0), and
@ adding trails to remove reset of (F[Fk.e]) — (e[\z.[F[z]l/k])
inv. context (for control/0). (F[Fok.el) — le[re. RF[a]l/A]
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CPS interpreter for shift/reset in CPS
Elz]pr = rp(x)
E[hz.e]pr = k(M. Ak E[e] plv/z] k)

Elered] pr = Elea] p(Avr.
le2] p (Av2. v1 02 1))
e

£
E[Sk.e]p r = Ele] p[Av. A\ K (K v)/k]id,
ELpm = & (€[l plide)

24+ (3+ Sk.(4x kb))

cf. K is applied in DS. It cannot be captured. (Also for ' ( &
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Metacontinuations to remove reset (for shift0)

Elx]pr = Am.kp(z)m
ENx.e]pk Am. k (Av. AR E [e] plv/x] k') m
Elere pr = Im.E %eﬂ] p (Avy. Am.

E [ea] p (Avo. Am. vy vo K mMm)m)m

E[Sk.e]pr = Am. E [e] pl\v. Ak" Am. kv (K, m) [k]id, m
E[Sok.e]p k = )\M.S [e] p[Av. AK". Am. & v (K, m) /K] Ko o
El(e)pr = Im.Ele] pids (K,m)

cf. k does not have access
L+ (24 (3+ Sokr. Soka. (4 x k25) ) ) to invocation context x’
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Trails to remove reset of inv. context (for control /0)
Elz]pr = M. dm.kp(x)tm

E[Az.e]pr = M. dm.k (M. A6 E[e] plv/z] k') tm
Elerea] pr = X.dm. E [er] p (Avy. At. Am.
Elea] p (Ava. At. Am. vy vg Ktm) tm) tm

E[Sk.e] pr = At. Am. Ele] plhv. A" N A/ kot (1, 8), M) /k]id, idym

E[Sok. €] pr = At A((Ko, o), mo). € [e] p[Av. A" A Am/ kvt (&', 1), m') /K] kg to mg

E[Fk. e]] = . Am. Ele] plAv. A" X A kv (t QK" 2 ")y m! k] id, idy m

E[Fok-elpr = M. A((Ko, to), mo). € [e] p[Av. A& N Am’. kv (t Q5 2 ') m! /K] kg to mq
E (e )]] = M. am.E €] pidyidy ((,t), m)

—|—< fokl.(QX k13 ) +.F0]<32(4X]€25)>
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Summary so far

Metacontinuation
a stack of continuations and trails

Trail AEH
oce 000

Perspective
o

@ (e) pushes the current continuation and trail
@ Sy and F{ pop them to access outside reset

a list of invocation contexts

@ (e) installs an empty trail

e F and F\ append the invocation context (at the end)
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Definitional Interpreter for AE

Elz]pr = M. dm.kp(z)tm
E[Ax.e]pr = M. dm. k(M. X&' E [e] plv/z| ')t m
Elerex] pr = M. Am. & [er] p (Avi. At. Am.
E [e2] p (Avg. AXt. Am. vy vg Kt m) tm) tm

E [tryeywith (z3k). 2] pr = M. Am. € [ed] pidycidy ((5,t, h) 2 m) < push
where  h = Av. Avg. AR A A € [es] [v/x, v /K] Kt/ m/ 1 pop
Eleall(e)] pr = At.Am. & [e] p (M. A" A((Ko, to, h) 1 mo). hv v kg to mg) t m

where v, = M. AN dm/ k0"t (K E h) m) (deep)
Vg = AW AN Am/ ko (1" Q R ) m! (shallow)
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Abstract machine via functional derivation

(e, [1, [1, Co. [1. O. [De

(¢, nthus (offset x xs), s, 1, m)c

{c, n, s, t, mhe

(¢, VFun(x, e, xs, vs), s, I, m).

(e1, xs, vs, CApp1(ez, xs, ¢), VEnv(vs) = s, 1, m)e

(e1, xs, vs, Cy, [, (), (c, H(x, k, ez, xs, vs), s, t) = m),
(e, xs, vs, CPfmP(c), s, t, m)e

(e, xs, vs, CPfm>(c), s, t, m)e

(x, xs, vs, C,

We can derive it! , (n x5 05

,
C,
(Ax. e, xs, vs, ¢,
(e1 €2, xs, vS, C,
C,
C,
c,

via defunctionalization {ury ey with k= g5 x5, 05, ¢

(pmee, Xs, US, ¢,
(pfmse, XS, US,

(and stack introduction Gl O T

RGN A O O O
PN BN
@

v
d h {Co, v, [], (), (c, b s, 1) =2 m)e {c, v, s, t, m)c
{Co v []. 1, m)c (t, v, (), m)
a n Ot ers) " (CApp1 (e, xs,ﬂc), v1, VEnv(us) = s, £, m)e (es, xs, US, (lIAppz(c), v1 S, 1, M)e
(CApp2(c), vz, v1 =2 5, 1, m)c (1,03, €, 8, 1, MYy
(CPfmP(c), v, s, t, (co, ho, So, to) == mo)e (ho, 0, VCntP (¢, s, t, ho), co, 5o, to, mo)n

(CPfm®(c), v, s, t, (co, ko, S0, to) & Mo e

(ho, v, VCntS(c, s, 1), co, S0, to, Modh

(g, x k= x5, 0 2 g 22 08, ¢, S Lo, Mg )e
(¢, 0,8 1, m)
(k, v, k' = 8, m)

(H(x, k, ez, xs, vs), v, 0, Co, So» o, M)
(Hold(c, s), v, t, m)¢
(Apnd(k, k"), v, &, m)

O 2 | A 13

(VFun(x, e, xs, 0s), v, ¢, S, [, M), (e, x :xs,v::08, ¢ 8, 1, me
(VCntP(¢’, s, ', h), v, ¢, s, t, m), (c,u,8,t, (¢, h s, 1) 2 m)
(VCntS(c', s/, '), v, ¢, 5, t, m), (c'y 0, ", t' @ (Hold(c, s) =, 1), m)c
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Type system with answer/trail type modification

We can extract it!

by reading off types from the interpreter.

I'Fe: 7'<,Ua70-a>a<,uﬁv Oﬁ>5

T — (o, 0q)a0 : type of continuations

Lo, ftg @ type of trails
0a,03 : type of metacontinuations

a, 3 : answer types
& [e] p kT Heoal = \prs \m7e. e
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Benefit of the functional derivation approach

@ We can mechanically derive various artifacts.

@ Correctness comes free from correctness of program
transformations.

It forces us to think how the definitional interpreter should be.

@ It is often more difficult to come up with a concise, HO,
definition than to create a low-level implementation.

@ Functional derivation approach leads us to the essence of the
language.
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